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We calculate the anomalous Hall conductivity σxy of the surface states in cubic topological Kondo
insulators. We consider a generic model for the surface states with three Dirac cones on the (001)
surface. The Fermi velocity, the Fermi momentum and the Zeeman energy in different Dirac pockets
may be unequal. The microscopic impurity potential mediates mixed intra and interband extrinsic
scattering processes. Our calculation of σxy is based on the Kubo-Streda diagrammatic approach. It
includes diffractive skew scattering contributions originating from the rare two-impurity complexes.
Remarkably, these contributions yield anomalous Hall conductivity that is independent of impurity
concentration, and thus is of the same order as other known extrinsic side jump and skew scattering
terms. We discuss various special cases of our results and the experimental relevance of our study
in the context of the recent hysteretic magnetotransport data in SmB6 samples.
PACS numbers: 72.10.Fk, 72.25.-b, 73.23.-b, 75.20.Hr
Topological Kondo Insulators. Topological insu-
lators [1–3] remain a vibrant field of research in present
day condensed matter physics. The main thrusts for this
extraordinary scientific interest include the vast potential
technological applications in the fields of nanoelectronics
and quantum computation as well as the fascinating inno-
vative realization of fundamental concepts from quantum
field theory and differential geometry.
Among the various realizations of topological phases
of matter, topological Kondo insulators (TKIs) [4, 5],
take a special place. Their topologically protected metal-
lic surface states emerge as a result of the hybridiza-
tion between weakly correlated conduction electrons and
strongly correlated states. In particular, theories [6–9]
describing states on the (001) surface suggest a low en-
ergy Hamiltonian with three Dirac bands located at Γ,
X and Y points of the surface Brillouin zone (BZ), see
Fig. 1. Main experimentally distinguishing characteris-
tics of the TKIs are the saturation of resistivity at very
low temperatures, pronounced temperature dependence
of the magnetic susceptibility across a wide range of tem-
peratures and a fairly narrow insulating gap [10, 11]. In-
triguing recent experimental evidence for the TKI physics
was reported in SmB6 samples revealing the predicted
surface dominated transport directly [12], by thickness
independent resistivity measurements showing the viola-
tion of Ohm’s law [13], and 2D (surface) weak antilocal-
ization data [14]. Furthermore, characteristics of Dirac
electrons were revealed using ARPES [15–17] and torque
magnetometry [18]. In addition, hysteretic magneto-
transport measurements have been reported by several
groups [19, 20]. This effect can be attributed to ferro-
magnetic domains formed on the surface by unscreened
samarium magnetic moments or samarium sesquioxide
(Sm2O3) impurities.
FIG. 1: Dispersion relation of surface states in a TKI with
cubic symmetry. We chose experimentally realistic parame-
ters for the case of SmB6 [15]: Fermi velocities of ' 72 (26)
meV · nm at the Γ (X and Y ) points, an offset EΓ ≈ 39 meV
of the central Dirac cone, an ellipticity
√
vX,y/vX,x ≈ 1.2,
a reciprocal lattice constant 2pi/a = 15 nm−1. Further, we
assumed a gap of 10 meV (20 meV) at the Γ (X and Y ) points.
It has been also proposed that the surface states in
SmB6 may be of conventional type [21, 22], i.e. they
have quadratic dispersion modified by the presence of
strong spin-orbit coupling. Note, that in this scenario,
the conduction states will remain decoupled from the
Sm moments on the surface via the Kondo breakdown
mechanism, so that ferromagnetic ordering of the samar-
ium f -electrons would still be possible. This controversy
– Dirac vs. conventional surface states – motivates us
to study the magnetotransport properties of the surface
states on the background of induced nonzero magnetiza-
tion. Specifically, in this paper we calculate the anoma-
lous Hall conductivity for a cubic topological Kondo in-
sulator with three Dirac surface bands. Our results for
the anomalous Hall conductivity allow us to elucidate ex-
perimentally distinguishable characteristics of the Dirac
electrons and should help to resolve the controversy dis-
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FIG. 2: Diagrammatic representation and real space trajec-
tories for extrinsic contributions to σxy. Quantum complexes
responsible for the AHE are shown by an ellipse with focuses
in pointsR1 andR2. In the noncrossing approximation, both
skew-scattering (a) and side jump (b) contributions rely on
coherent interband scattering between opposite branches of
the Dirac spectrum. The corresponding virtual states as well
as off-shell excitations entering crossed X and Ψ diagrams,
(c) and (d) respectively, are marked by a yellow arrow in ex-
emplary positions of the diagrams. Due to the uncertainty
principle, the typical extension of a quantum complex is thus
of the order of Fermi wavelength |R1 −R2| ∼ λF .
cussed above.
Anomalous Hall effect. Electron transport in fer-
romagnets has a long history going back to E. Hall’s 1881
discovery of the anomalous Hall effect (AHE) [23], i.e. of
a transverse conductivity σxy generated by the magne-
tization (Zeeman coupling) rather than by orbital cou-
pling to a magnetic field. To account for this effect, two
equally appropriate techniques are commonly employed.
First, in the semiclassical approach [24] different terms
in σxy stem from distinct physical mechanisms of intrin-
sic [25], skew scattering [26] and side jump [27] contri-
butions. Second, σxy can be directly calculated using
Kubo-Streda diagrammatic response theory [28]. Semi-
classics appear to be more intuitive, while the diagram-
matic treatment is more systematic. Notably, an ad-
ditional skew scattering mechanism was discovered only
very recently with the help of diagrams [29–31]. Phys-
ically, it originates from diffractive skew scattering off
two impurities residing about one Fermi wavelength λF
from each other. Diagrammatically, these processes can
be understood by considering crossed impurity lines in
the conductivity bubble [see Fig. 2 (c), (d)], and can be
equivalently treated in the semiclassical approach pro-
vided that crossed impurity lines are included into the
full scattering amplitude. At first glance, this observa-
tion seems to be in sharp contrast with conventional wis-
dom of the impurity diagrammatic technique [32] that
dictates that a single cross of impurity lines implies a
rare disorder configuration and thus smallness in the pa-
rameter λF /l 1, where l is the elastic mean free path.
However, it should be stressed that even previously dis-
cussed [24–27, 29, 33] contributions of weak impurities to
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FIG. 3: Diffractive skew scattering: Spatially-resolved scat-
tering probabilities pXAB and p
Ψ
AB for intraband scattering.
the AHE rely on rare impurity configurations (see Fig. 2).
Therefore, both crossed and non-crossed diagrams are of
the same order and suppressed by λF /l as compared to
the diagonal conductance. Diagrams with more than a
single cross are even smaller [34]. These qualitative ar-
guments are fully supported by the microscopic compu-
tation which we present in the remainder of the paper.
To make the diffractive analogy transparent we present
in Fig. 2 examplary electron trajectories in real space.
The probability pAB = |
∑
iAi|2 =
∑
ij AiA
∗
j of an elec-
tron reaching a point rB from rA is the square of the
sum of the amplitudes for all paths i, j. In Fig. 2, Ai
and A∗j are represented by different colors and opposite
orientation of arrows. In the noncrossing approximation,
p
(nc)
AB =
∑
i |Ai|2, and all interference terms are omitted.
The crossed X-diagrams contribute pXAB =
∑′
i6=j AiA
∗
j ,
where the sum includes pairs of nonequal trajectories
equivalent to Fig. 2 (c). An analogous expression holds
for pΨAB . The interference pattern becomes apparent
in the plots of spatially-resolved scattering probabilities
pX,ΨAB off two-impurity complexes, see Fig. 3. The lat-
ter exhibit pronounced Fraunhofer oscillatory interfer-
ence patterns. The novel extrinsic contributions [Fig.
2 (c,d)] constitute inherent parts of the skew scattering
and should necessarily be included to properly compute
the transverse conductivity. These terms can be distin-
guished from previously studied processes [Fig. 2 (a,b)]
by means of their diffractive nature.
Model and Assumptions. We employ the dia-
grammatic approach to calculate the anomalous Hall re-
sponse on the surface of 3D TKIs with cubic symmetry
taking into account all the diagrams to the leading order
in impurity concentration. For this purpose, consider the
following low energy Hamiltonian
H0 =
∑
K
[vKσ · p +mKσz + EK ] ΠK . (1)
Throughout the paper, matrices in the space of Dirac
pockets (DPs) are denoted by an underscore and have
indices K,K ′ ∈ {Γ, X, Y }. The symbol ΠK denotes a
projector on Kth DP. Rotational C4 symmetry imposes
vX = vY ≡ v, mX = mY ≡ m. We count energies from
the Dirac point of the X pocket, EX = EY ≡ 0, and mo-
menta in X (Y ) pocket relative to QX(Y ) = (pi/a)eˆX(Y )
3(a is the lattice spacing). For simplicity we omit the
anisotropy of X and Y pockets and set ~ = 1 in the
intermediate formulas (we restore Planck’s constants in
the final expressions for σxy). The Hamiltonian in Eq. (1)
contains just two essential ingredients for the finite AHE,
namely spin-orbit coupling and magnetization (time re-
versal symmetry breaking), which is implicit in the mass
term of the Dirac fermions.
Our model also contains uniformly distributed scalar
impurities with isotropic potential u(|r |) which is short-
ranged on the scale of the smallest Fermi wavelength
minK(p
−1
F,K) with vKpF,K =
√
2K −m2K where K =
 − EK and  is the Fermi energy. Our calculation is
controlled in the parameter nimp/nmin  1 with nimp
and nmin = minK(nK) being the impurity concentration
and the carrier density of the least populated pocket re-
spectively. We assume weak impurities and treat them
in the leading Born approximation.
Technically, the anomalous Hall response involves vir-
tual states (off-shell contributions) residing within the ra-
dius ∆p = 3 maxK(pF,K) around Γ, X, Y and M points
of the BZ. As a consequence, the minimal three-band
model Eq. (1) is applicable only for sufficiently small
Fermi momenta maxK(pF,K)  pi/a (see yellow plane
in Fig. 1). Furthermore, the contribution to σxy origi-
nating from the states in the vicinity of the M point is
negligible provided
√
2mM∆ minK(pF,K), where mM
(∆) is the effective mass (excitation gap of closest states)
at the M point [35].
Calculation and results. It is common to distin-
guish the following two contributions to the anomalous
Hall conductivity σxy = σ
I
xy + σ
II
xy:
σIxy =
e2
h
〈
Tr
[
jˆ
x
GRjˆ
y
GA
]〉
, σIIxy = ec
∑
K
∂nK
∂B
∣∣∣∣
B=0
.
(2)
The angular brackets denote disorder average in this
expression. The bare current operators are jˆ
µ
=
diag (vΓσµ, vσµ, vσµ), while the clean Green’s functions
at the Fermi energy  are G
R/A
0 = (± i0−H0)−1.
The disorder average leads to a finite self-energy enter-
ing the Green’s function. We find in momentum space,
GR(p, ) =
∑
K
+K + vKσ · p +m−Kσz
(+K)
2 − [(vKp)2 + (m−K)2]
ΠK (3)
with ±K = K ± iΓK , m±K = mK ± iΓ(m)K . Here we also
introduced the total scattering rates in the pocket K
ΓK =
∑
K′
ΓK→K′→K =
∑
K′
pi
2
νK′(K′)[W ]K′K , (4a)
Γ
(m)
K =
∑
K′
Γ
(m)
K→K′→K =
∑
K′
ΓK→K′→K
mK′
K′
, (4b)
as a function of intra- (K ′ = K) and interpocket (K ′ 6=
K) scattering rates ΓK→K′→K and Γ
(m)
K→K′→K . Here,
νK(K) = θ(
2
K −m2K)|K |/2piv2K is the density of states.
Furthermore we introduced the matrix
W =
 W WΓX WΓXWΓX W WXY
WΓX WXY W
 (5)
with entries W = nimp|u˜(0)|2, WΓX = nimp|u˜(pi/a)|2,
and WXY = nimp|u˜(
√
2pi/a)|2, where u˜(q) is the Fourier
transform of u(r).
We now turn our attention to the Hall response. When
the Fermi energy lies in the gap, |K | < |mK |, the con-
tribution of the Kth DP to the Hall response is
σxy|K = −
sgn(mK)
2
e2
h
, (6)
and stems from σIIxy, only. The half-integer quantization
is a consequence of fermion number fractionalization [35–
37]. This result can be understood in terms of the intrin-
sic mechanism, so called anomalous velocity contribution
to AHE, as originally introduced by Karplus and Lut-
tinger [25]. Its topological origin was realized much later
[38], and can be equivalently understood in terms of the
Berry curvature that acts as an effective magnetic field
for electron wave-packet motion in parameter space of
momenta. Indeed, Hall conductivity can be presented
as σxy|K = −(e2v2K/2pih)
∫
Ωxy(k)d
2k, where the Berry
curvature for a single gapped Dirac cone is given explic-
itly by Ωxy(k) = mK/2(m
2
K + v
2
Kk
2)3/2 so that upon
momentum integration Eq. (6) follows.
In contrast, outside the gap the contribution of σIIxy
is subleading in nimp/nmin  1. We therefore now fo-
cus on the contribution of σIxy. We switch to a matrix
representation in DP space and find
σIxy = 2
e2
h
vF
[
b+ a[x+ ψ]a
]
FTvT . (7)
In this expression, the bare velocity vertex is v =
(vΓ, v, v) and the trace over spin space was already per-
formed. The various contributions have the following ori-
gin [cf. Fig. 2]: F is the noncrossed vertex correction, in
which at each stringer a of the ladder only contributions
which are on-shell were kept; b is also part of the ladder in
diagram, but involves contributions away from the Fermi
surface; finally x [ψ] originates from the central part of
diagrams (c) and (d). All the elements of Eq. (7) are
derived explicitly in Ref. [35] in terms of the microscopic
parameters of the model. The anomalous Hall response,
Eqs. (7), constitutes the main result of our work. Un-
like previous calculations of the AHE in multiband sys-
tems [39, 40], we included diagrams with crossed impu-
rity lines as they equally contribute to the leading order
approximation. The common physical origin of crossed
diagrams manifests itself in the complementary contribu-
tions from the off-diagonal terms in xKK′ and ψKK′ .
4Discussion. We now analyze our general result
Eq. (7) in various simplifying cases. We consider both
particular limits of the impurity potential u(x ), and spe-
cial values of the parameters entering the clean Hamilto-
nian (1).
(i) Smooth disorder potential. We first consider the
case when u(x ) is smooth on the scale of the lattice con-
stant a. Interband scattering is negligible and we obtain
σxy = σ
(0)
xy (|Γ|/mΓ) + 2σ(0)xy (||/m). (8)
The anomalous Hall conductivity of a single Dirac cone
is [30]
σ(0)xy
( ||
m
)
= − e
2
2h
[
16||m3θ(2 −m2)
(2 + 3m2)2
+ θ(m2 − 2)
]
.
(9)
It should be noted that in this case there is no contribu-
tion from the Ψ skew scattering diagrams [see Fig. 2 (d)]
as they vanish. This pecularity is accidental and specific
to the single Dirac cone limit. It can be traced back to the
destructive interference of scattering from two-impurity
complexes as evidenced from the plot of the probability
pΨAB in Fig. 3. The result for smooth disorder potential
is plotted in Fig. 4 using dotted curves.
(ii) Fermi momentum in the gap. In what follows we
restore the possibility of nonzero interpocket scattering.
When 2 < m2, i.e. when the Fermi energy is in the gap
of X and Y pockets, the problem essentially simplifies
to a single Dirac cone and Eq. (8) holds again (using
2σ
(0)
xy (||/m) = −e2/h).
Further, when 2Γ < m
2
Γ (Fermi energy in the gap of
the Γ pocket) the problem simplifies to two equal Dirac
cones. Surprisingly, the resulting Hall conductivity is
again given by Eq. (8) (using σ
(0)
xy (|Γ|/mΓ) = −e2/2h)
and is independent on the ratio WXY /W .
(iii) Equal DPs. We next consider the situation when
the three DPs are equal, i.e. EΓ = 0, vΓ = v and mΓ =
m. The general expression for the Hall conductance is
presented in Ref. [35]. We note that for smooth disorder
potential, the effect of intraband scattering enters only
to second order (2 > m2)
σxy = σ
(0)
xy
( ||
m
)[
3 +
(
2
m2
− 1
)
W 2ΓX + 2WΓXWXY
W 2
]
.
(10)
While the single band Hall conductivity, Eq. (9), de-
cays as ||−3, for finite WΓX we find a term which de-
cays only as ||−1. Thus interband scattering strongly
enhances anomalous Hall conductivity. This effect per-
sists to the case of arbitrary interband scattering. The
Hall conductance (10) continuously approaches the gap
value σxy = −3sgn(m)e2/2h.
(iv) Point like scatterers. When the impurity potential
is short ranged on the scale of a, the matrix WK,K′ =
nimp|u(0)|2 for all K,K ′. The experimental analysis of
-5 0 5 10 15
ϵ
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1
2
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2
-σxy
FIG. 4: Comparison of the AHE in the cases of a smooth
disorder potential (dotted) and point like scatterers (solid).
We assumed mΓ = m > 0 and additionally imposed vΓ = v in
the case of short ranged impurities. For the blue curves, we
set Γ =  while the red curves are obtained for Γ = − 7m.
the weak-antilocalization effect [41] in SmB6 samples [14,
20] suggests that this limit is most important for present
day experiments.
The explicit formula of σxy(/m, Γ/m) for the case
vΓ = v, and mΓ = m has been relegated to Ref. [35]. If
Γ =  this result further simplifies to
σxy = −e
2
h
8||m (2 + 8m2)
3 (2 + 3m2)
2 . (11)
A graphical comparison between the cases of smooth dis-
order and point like impurities is shown in Fig. 4. It
should be noted, that in the limit of short range scatters
our result for the Hall conductance ceases to be a con-
tinuous function: it displays discontinuities at K = mK .
A similar behavior was recently found in the Bychkov-
Rashba model [31]. This is an artifact of an approxima-
tion that exploits the basic assumption nimp  nmin. As
a consequence, our result is not applicable in the energy
window |K − mK | . Γ. A more elaborate calculation
should reveal smoothening of the discontinuities in the
immediate vicinity of the band edges.
Conclusion and outlook. We have derived the
anomalous Hall response Eq. (7) on the surface of a cubic
topological Kondo insulator. We investigated a surface
state model with three Dirac fermions plus an incipient
forth M -band in the generic case allowing for unequal
Fermi and Zeeman energies as well as unequal Fermi ve-
locities. We have analyzed several limiting cases of our
general result Eq. (7). As a byproduct of this analysis,
we found that a system of two equal Dirac cones (as it
occurs in Graphene) displays an AHE which is universal
and independent of details of the scattering potential.
Inasmuch experiments on TKIs are concerned, our
most important conclusion is that the magnetization and
gate voltage dependence of the AHE can be used to
gain information about the microscopic nature of surface
states and impurities. Indeed, the analysis of various lim-
iting cases of the three-band Dirac model reveals that the
5large energy asymptote of the anomalous Hall response
scales as (m/||)3 in the case of smooth impurity poten-
tial while σxy ∼ m/|| for short range scatterers. This
behavior persists in the generic result. In contrast, in the
Bychkov-Rashba model σxy ∼ m/2 [31].
As mentioned in the introduction, present day experi-
mental samples are believed to host a multitude of large
ferromagnetic domains. In our theory, smooth fluctua-
tions of the magnetization can be taken into account by
averaging the final result. Even after this procedure, the
asymptotics allow to distinguish smooth and sharp im-
purity potentials in the described manner. Up to now
magnetotransport experiments on TKIs concentrated a
hysteretic behavior in the longitudinal conductance. Sys-
tematic investigation of the transverse conductance is
still needed.
In this paper we analyzed the semiclassical AHE and
uncovered the importance of diffractive skew scattering
in the context of topological Kondo insulators. In a par-
allel vein, our results have further rich consequences for
anomalous transport phenomena in other multiband ma-
terial systems such as Weyl semimetals [42] and chiral
p-wave superconductors [43–45]. Quantum effects, such
as interaction and localization corrections to the conduc-
tivity tensor, the quantum AHE [46–48] and the surface
state quantum Hall effect [37, 49–51] on TKIs remain a
theoretical and experimental challenge for the future.
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1Supplementary Materials For
Anomalous Hall Effect on the surface of topological Kondo insulators
SUMMARY OF RESULTS FROM SUPPLEMENTARY MATERIAL
Expressions entering Eq. (7) of the main text
We here express all quantities of Eq. (7) of the main text in terms of microscopic parameters. The contributions
from non-crossing diagrams are
F = (1− aW )−1, (S1a)
a =
∑
K
(2K −m2K)piνK(K)
4K
(
KΓK +mKΓ
(m)
K
)ΠK , (S1b)
b = −
∑
K
(ΓKmK + KΓ
(m)
K )piνK(K)
2K
(
KΓK +mKΓ
(m)
K
) ΠK , (S1c)
while diagrams (c) and (d) of Fig. 2 involve
xKK =
∑
K′
W 2KK′
vKv′K
c(K,K′)d(K,K′), (S1d)
ψ
KK
= 2
∑
K′
WKKWKK′
vKv′K
c(K,K′)d˜(K,K′)f(K,K′), (S1e)
xKK′
K 6=K′
=
θ(K
′
K)
v2K
[c(K,K′)d˜(K,K′)(1− f(K′,K))]WKKWKK′ +K ↔ K ′, (S1f)
ψ
KK′
K 6=K′
=
θ(−K′K)
v2K
[c(K,K′)d˜(K,K′)(1− f(K′,K))]WKKWKK′ +K ↔ K ′. (S1g)
Note the complementary contributions of xKK′ and ψKK′ . We introduced the following dimensionless functions
c(K,K′) = 2piνK′(K′)mK′/p
2
F,K , (S2a)
d(K,K′) = [K/K′ +mK/mK′ ], (S2b)
d˜(K,K′) = [K/K′ + vK/vK′ ], (S2c)
f(K,K′) = θ(pF,K − pF,K′)[1− p2F,K′/p2F,K ]. (S2d)
Anomalous Hall effect for equal Dirac pockets
In this section we present the general formula for the AHE in the case of equal Dirac pockets, i.e. EΓ = 0, vΓ = v
and mΓ = m:
σxy(||/m) = 3σ(0)xy (||/m) +
4Ab
(A (2W 2ΓX −W 2 −WWXY ) + (W 2 + 3WWΓX +WWXY + 2W 2ΓX + 2WΓXWXY ))2
×
[
4WWΓXWXY (W +WXY ) +W
2
ΓX
(
2W 2 −
(
4A2 +A− 2)W 2XY
(A− 1)2 −
12(A+ 1)WWXY
A− 1
)
+
W 3ΓX
(
2(A(4A+ 7) + 10)WXY − 4
(
A2 +A− 2)W )
(1−A)2 +
(A(2A+ 11) + 2)W 4ΓX
(1−A)2
]
(S3)
2Here we introduced the notation
A =
2 −m2
2(2 +m2)
, (S4a)
b = − ||m
2(2 +m2)
. (S4b)
These expressions are the origin of Eq. (10) of the main text.
Anomalous Hall response in the limit of point-like scatterers
We here present the formula for the anomalous Hall response in the case of equal velocities vΓ = v and equal
Zeeman field mΓ = m in Γ, X and Y pockets. Then the Hall conductivty is a function of two parameters ¯ = /m
and ¯Γ = Γ/m, only. Outside of any gap we obtain
σxy=sgn()
[
θ(2 − 2Γ)σ[1,sgn(Γ)]xy + θ(2Γ − 2)σ[2,sgn(Γ)]xy
]
(S5)
with
σ[1,+]xy = −4
e2
h
[8¯6¯Γ + 4¯
5
(
5¯2Γ + 4
)
+ 2¯4¯Γ
(
7¯2Γ + 38
)
+ ¯3
(−¯4Γ + 242¯2Γ + 63)+ 2¯2¯Γ (2¯4Γ + 82¯2Γ + 261)
+ ¯
(
7¯6Γ + 38¯
4
Γ + 315¯
2
Γ + 288
)
+ 2¯Γ
(
¯6Γ + 2¯
4
Γ + 9¯
2
Γ + 72
)
]/[4¯3¯Γ + 4¯
2
(
¯2Γ + 2
)
+ ¯¯Γ
(
¯2Γ + 23
)
+ 5¯2Γ + 27]
2,
(S6a)
σ[1,−]xy = −4
e2
h
[−8¯6¯Γ − 4¯5¯2Γ − 2¯4¯Γ
(
7¯2Γ + 10
)
+ ¯3
(
33¯4Γ + 26¯
2
Γ − 3
)− 2¯2¯Γ (5¯4Γ + 12¯2Γ − 16)
− 5¯ (¯2Γ − 2) (¯2Γ − 1)2 + 2¯Γ (¯2Γ − 1)3]/[¯Γ (¯ ((¯Γ − 2¯)2 + 7)− 3¯Γ)+ 3]2, (S6b)
σ[2,+]xy = −4
e2
h
[8¯7 + 8¯6¯Γ − 2¯5
(
¯2Γ − 8
)
+ 4¯4¯Γ
(
3¯2Γ + 19
)
+ ¯3
(
19¯4Γ + 242¯
2
Γ + 63
)
+ 2¯2¯Γ
(
4¯4Γ + 82¯
2
Γ + 261
)
+ ¯
(
¯6Γ + 38¯
4
Γ + 315¯
2
Γ + 288
)
+ 2¯Γ
(
2¯4Γ + 9¯
2
Γ + 72
)
]/
[
4¯3¯Γ + 4¯
2
(
¯2Γ + 2
)
+ ¯¯Γ
(
¯2Γ + 23
)
+ 5¯2Γ + 27
]2
,
(S6c)
σ[2,−]xy = −4
e2
h
[8¯7 − 8¯6¯Γ + ¯5
(
8− 10¯2Γ
)− 4¯4¯Γ (3¯2Γ + 2)+ ¯3 (25¯4Γ + 18¯2Γ + 1)− 2¯2¯Γ (5¯2Γ (¯2Γ + 4)− 18)
+ ¯
(
¯6Γ + 20¯
4
Γ − 29¯2Γ + 10
)− 2 (¯5Γ − ¯3Γ + ¯Γ)]/ [¯Γ (¯ ((¯Γ − 2¯)2 + 7)− 3¯Γ)+ 3]2 . (S6d)
SUPPLEMENTARY MATERIAL: CALCULATION OF σIxy
In this supplementary material we present details regarding the calculation of Eq. (7) and (S1) of the main text.
Average Green’s function
We first present the calculation of the average Green’s function in the limit nimp.  nmin. In this limit the retarded
self-energy approximately becomes
ΣˆR() '
∑
Rj
tˆRRj (). (S7)
Here, {Rj} are the impurity positions and the T-matrix tRRj of a single impurity is calculated at the level of Born
approximation, see Fig. S1. Upon disorder average denoted by angular brackets we obtain
〈
[tRRj ()]p,p′
〉
=
〈
uRj (p − p ′)
〉
+
〈∫
p′′
uRj (p − p ′′)GR0 (p ′′, )uRj (p ′′ − p ′)
〉
=
∑
K,K′
∫
p′′
u(p + QK − p ′′ −QK′)GRK′,0(p ′′, )u(p ′′ + QK′ − p ′ −QK)
ΠK
V
(2pi)2δ(p − p ′) (S8)
3We introduced the symbol
∫
p
=
∫
d2p/(2pi)2. Momentum conservation (reobtained after impurity average) forbids
off-diagonal matrix elements in Dirac pocket (DP) space. We absorb the real part of the self-energy into a redefinition
of EK and mK . The imaginary part of the self-energy leads to the scattering rates presented in Eqs. (4) of the main
text.
In our calculations, we formally do not only include the Born approximation diagram, Fig. S1, but also the resum-
mation of rainbow diagrams (self consistent Born approximation) and diagrams with a single intersection of impurity
lines. To the leading order, this does not alter the result for the scattering rates, Eqs. (4).
Current vertex and non-crossing approximation
We first consider the dressed velocity vertices. In view of momentum conservation it is useful to represent the left
(right) current vertices as row (column) vectors in DP space, and, at the same time, as vertices in spin space, i.e. in
formulas
jˆLµ = jσµ and jˆ
R
µ = j
Tσµ (S9)
where, on the bare level, j → v = (vΓ, v, v).
For the resummation of impurity potentials at the left vertex, we will need the following integral (which is a matrix
in spin space and a matrix element of the diagonal matrices IL,Rµ in DP space)
[ILµ ]KK :=
∫
p
GAK(p, )σµG
R
K(p, ) ' σµ[a]KK + iσµσz[b]KK . (S10)
Similarly, we also need for the right vertex the object
[IRµ ]KK :=
∫
p
GRK(p, )σµG
A
K(p, ) ' σµ[a]KK + iσzσµ[b]KK . (S11)
The diagonal matrices a and b are presented in Eq. (S1b) and (S1c) of the main text. We readily find
jˆLµ ' vFσµ + iσµσzvFbWF (S12)
and analogously
jˆRµ ' (vF )Tσµ + iσzσµ(vFbWF )T . (S13)
The result for σIxy in the non-crossing approximation immediately follows
[σxy]nc =
e2
h
trσ[jˆLx I
R
y v
T ] =
e2
h
2vFbFTvT . (S14)
X and Ψ diagrams
We will distinguish diagonal (“intraband”) and off-diagonal (“interband”)parts of the matrices X = 2axa and
Ψ = 2aψa introduced in Eq. (7) of the main text. For the evaluation of X and Ψ diagrams we define the following
quantities :
NK(p) = K +mKσz + vKp · σ. (S15)
[t  (ϵ)]RjR p,p'
Rj Rj Rj
p p' p p'p''
p-p' p-p'' p''-p'
= + +... p pp''
x x x disorder
average
FIG. S1: T-matrix of a single impurity at the level of Born approximation, before and after disorder average.
4jx jy[σxy]X =
p1,K1,R p3,K3,R p2,K2,R
p1,K1,A p4,K4,A
p2,K2,A
p1+QK1
-p3-QK3
p2+QK2
-p3-QK3 [σxy]Ψ = jx jy
p3,K3,R p4,K4,R
p2,K2,Rp1,K1,R
p1,K1,A p2,K2,A
jx jy+
p3,K3,A p4,K4,A
p2,K2,Ap1,K1,A
p1,K1,R p2,K2,R
FIG. S2: The X and Ψ- diagrams labelled with momentum variables, pocket index K and retarded/advanced (R/A) labels.
Momentum conservation is analyzed in Eqs. (S18) and (S19).
and (assuming 2K > m
2
K)
GR/AK (p) =
1
(K ± i0)2 − (vKp)2 −m2K
, (S16a)
GR/AK (r) =
∫
p
eiprGR/AK (p) =
1
4v2K
[Y0(pF,Kr)∓ isgn(K)J0(pF,Kr)] , (S16b)
Here, J0(x) and Y0(x) are the zeroth Bessel functions of first and second kind.
In the evaluation of diagrams, we use σxy = −σyx and the fact that only the symmetric part of 3 × 3 matrices X
and Ψ enters the Hall conductance. This section of the supplementary material will be devoted to the calculation of
those matrices. The matrices X and Ψ are diagrammatically represented by diagrams analogous to Fig. 2, (b)-(d), of
the main text, but the vertex correction should be omitted and is incorporated separately in the final result.
Momentum conservation
We label X and Ψ-diagrams with momentum variables, see Fig. S2. We readily conclude from momentum conser-
vation that for the X diagram
p1 + QK1 + p2 + QK2 = p3 + QK3 + p4 + QK4 . (S17)
Since we assume distant Fermi surfaces, pF,K  pi/a, this implies
QK1 + QK2 = QK3 + QK4 , (S18a)
p1 + p2 = p3 + p4. (S18b)
Analogously we analyze the Ψ diagram. As compared to the X diagram, momentum conservation and the assump-
tion of distant Fermi surfaces now imply
QK1 −QK2 = QK3 −QK4 , (S19a)
p1 − p2 = p3 − p4. (S19b)
Note that Eqs. (S18a) and (S19a) are to be understood modulo a reciprocal lattice vector (Umklapp scattering). In
particular, there is an Umklapp Ψ diagram in which K1 = K4 6= K2 = K3.
Integrals over Bessel functions
The evaluation of X and Ψ diagrams involves various integrals over Bessel functions. These are
I
(1)
A (r) =
∫ ∞
0
dsJ21 (rs)J1(s)Y0(s) =
1
2pi
[
θ(1− r) + θ(r − 1)
r2
]
, (S20a)
I
(1)
B (r) =
∫ ∞
0
dsJ21 (rs)J0(s)Y1(s) = −1/pi + I(1)A (r), (S20b)
I
(1)
C (r) =
∫ ∞
0
dsJ1(s)J1(rs)J0(s)Y1(rs) = −I(1)A (r), (S20c)
I
(2)
B (r) =
∫ ∞
0
dsJ ′1(s)J1(s)Y0(rs)J0(rs) =
1
2
[
I
(1)
A (1/r) + I
(1)
B (1/r)
]
. (S20d)
Details on the evaluation of such integrals can be found in Ref. [S31].
5X diagram: Intraband contribution
For this contribution we find
XKK =
∑
K′
W 2KK′
∫
{pi}
(2pi)2δ(p1 + p2 − p3 − p4)
iIGRK(p1) IGRK(p2) IGRK′(p3)RGRK′(p4)
[2(KΓK +mKΓ
(m)
K )]
2
×tr
[
NK(p1)σxNK(p1)NK′(p3)NK(p2)σyNK(p2)NK′(p4)
−NK(p1)σxNK(p1)NK′(p4)NK(p2)σyNK(p2)NK′(p3)
]
.
=
∑
K′
W 2KK′
∫
{pi}
(2pi)2δ(p1 + p2 − p3 − p4)
iIGRK(p1) IGRK(p2) IGRK′(p3)RGRK′(p4)
[2(KΓK +mKΓ
(m)
K )]
2
×16iv3KvK′ (mK′K +mKK′) p1,xp2,y[p1 − p2] ∧ [p3 − p4]
=
∑
K′
W 2KK′2pisgn(K′)
(mK′K +mKK′)(
2
K −m2K)
(4vKvK′)3[KΓK +mKΓ
(m)
K ]
2
[I
(1)
A (pF,K/pF,K′)− I(1)B (pF,K/pF,K′)]. (S21)
Here, and in the evaluation of all other X and Ψ diagrams, the symbol
.
= denotes that momenta p1 and p2 are to
be taken on-shell, such that (vKp1,2)
2 = 2K −m2K . The notation a ∧ b = µνaµbν is used. We readily see from the
first line, that contributions arise only if both 2K > m
2
K and 
2
K′ > m
2
K′ : if the Fermi energy is in the gap of a certain
pocket, then this pocket does not contribute to XKK . The same is true for all other X and Ψ diagrams, too.
X diagram: Interband contribution
Let’s now consider the interband contribution from X diagram:
XKK′ |K 6=K′ = WKKWKK′
∫
{pi}
(2pi)2δ(p1 + p2 − p3 − p4)
µν
2
iIGRK(p1) IGRK′(p2)
(
IGRK(p3)RGRK′(p4)−RGRK(p3) IGRK′(p4)
)
[2(K′ΓK′ +mK′Γ
(m)
K′ )][2(KΓK +mKΓ
(m)
K )]
×tr
[
NK(p1)σµNK(p1)NK(p3)NK′(p2)σνNK′(p2)NK′(p4)
−NK(p1)σµNK(p1)NK′(p4)NK′(p2)σνNK′(p2)NK(p3)
]
.
= WKKWKK′
∫
{pi}
(2pi)2δ(p1 + p2 − p3 − p4)
µν
2
iIGRK(p1) IGRK′(p2)
(
IGRK(p3)RGRK′(p4)−RGRK(p3) IGRK′(p4)
)
[2(K′ΓK′ +mK′Γ
(m)
K′ )][2(KΓK +mKΓ
(m)
K )]
×16iv2Kp1 ∧ p2
[
2mKKv
2
K′p2 ∧ p4 + 2mK′K′v2Kp1 ∧ p3
+vKvK′ ({p3 ∧ p2 + p4 ∧ p1}{mKK′ +mK′K}+ {p2 ∧ p1 + p3 ∧ p4}{mKK′ −mK′K})
]
= WKKWKK′
2pi
(4vKvK′)
3
[KΓK +mKΓ
(m)
K ][K′ΓK′ +mK′Γ
(m)
K′ ]
×
{
mK′
(
K′ +
v′K
vK
K
)(
2K −m2K
) [
sgn(K′)I
(1)
A
(
pF,K
pF,K′
)
− sgn(K)I(1)C
(
pF,K
pF,K′
)]}
+K ↔ K ′. (S22)
6Ψ diagram: Intraband contribution
This contribution is
ΨKK =
∑
K′
WKKWKK′
∫
{pi}
(2pi)2δ(p1 − p2 − p3 + p4)
iIGRK(p1) IGRK(p2) IGRK′(p3)RGRK′(p4)
[2(KΓK +mKΓ
(m)
K )]
2
×µνtr
[
NK(p1)σµNK(p1)NK′(p3)NK′(p4)NK(p2)σνNK(p2)
+NK(p1)σµNK(p1)NK′(p4)NK′(p3)NK(p2)σνNK(p2)
]
.
=
∑
K′
WKKWKK′
∫
{pi}
(2pi)2δ(p1 − p2 − p3 + p4)
iIGRK(p1) IGRK(p2) IGRK′(p3)RGRK′(p4)
[2(KΓK +mKΓ
(m)
K )]
2
×16iv2Kp1 ∧ p2
[
2v2K′mKKp3 ∧ p4 − 2v2KmK′K′p1 ∧ p2
+vKvK′ ({p1 ∧ p3 + p4 ∧ p2}{mKK′ +mK′K}+ {p1 ∧ p4 + p3 ∧ p2}{mKK′ −mK′K})
]
=
∑
K′
WKKWKK′(−4pi)sgn(K′)
2K −m2K
(4vKvK′)
3
[KΓK +mKΓ
(m)
K ]
2
×
(
2mK′K′
vK
vK′
I
(2)
B
(
pF,K′
pF,K
)
+ KmK′
[
I
(1)
A
(
pF,K
pF,K′
)
+ I
(1)
B
(
pF,K
pF,K′
)])
. (S23)
Note the similarity between this expression and XKK′ |K 6=K′ .
Ψ diagram: Straight interband contribution
We first consider the case of straight scattering in the interband contribution, i.e. K1 = K3 6= K2 = K4. Antisym-
metrization of σxy and symmetrization of ΨKK′ lead to
ΨKK′ |K 6=K′
straight
= WKKWKK′
∫
{pi}
(2pi)2δ(p1 − p2 − p3 + p4)
µν
2
iIGRK(p1) IGRK′(p2)
(
IGRK(p3)RGRK′(p4) +RGRK(p3) IGRK′(p4)
)
[2(K′ΓK′ +mK′Γ
(m)
K′ )][2(KΓK +mKΓ
(m)
K )]
×tr
[
NK(p1)σµNK(p1)NK(p3)NK′(p4)NK′(p2)σνNK′(p2)
−NK(p1)σµNK(p1)NK′(p2)σνNK′(p2)NK′(p4)NK(p3)
]
.
= WKKWKK′
∫
{pi}
(2pi)2δ(p1 − p2 − p3 + p4)
iIGRK(p1) IGRK′(p2)
(
IGRK(p3)RGRK′(p4) +RGRK(p3) IGRK′(p4)
)
2[2(K′ΓK′ +mK′Γ
(m)
K′ )][2(KΓK +mKΓ
(m)
K )]
×16ivKvK′p1 ∧ p2
[
2mKKv
2
K′p4 ∧ p2 + 2mK′K′v2Kp1 ∧ p3
−vKvK′ ({p1 ∧ p2 + p4 ∧ p3}{mKK′ +mK′K}+ {p2 ∧ p3 + p1 ∧ p4}{mKK′ −mK′K})
]
= WKKWKK′
−2pi
(4vKvK′)
3
[KΓK +mKΓ
(m)
K ][K′ΓK′ +mK′Γ
(m)
K′ ]
×
{
mK′
(
K′ +
v′K
vK
K
)(
2K −m2K
) [
sgn(K′)I
(1)
A
(
pF,K
pF,K′
)
+ sgn(K)I
(1)
C
(
pF,K
pF,K′
)]}
+K ↔ K ′. (S24)
Note the cancellation between this diagram and XKK′ |K 6=K′ .
7Ψ diagram: Umklapp interband contribution
We now turn our attention to the interband Umklapp process, again we symmetrize Ψ in pocket space and use
antisymmetry of σxy
ΨKK′ | K 6=K′
Unklapp
= (WKK′)
2
∫
{pi}
(2pi)2δ(p1 − p2 − p3 + p4)
µν
2
iIGRK(p1) IGRK′(p2)
(
IGRK′(p3)RGRK(p4) +RGRK′(p3) IGRK(p4)
)
[2(K′ΓK′ +mK′Γ
(m)
K′ )][2(KΓK +mKΓ
(m)
K )]
×tr
[
NK(p1)σµNK(p1)NK′(p3)NK(p4)NK′(p2)σνNK′(p2)
−NK(p1)σµNK(p1)NK′(p2)σνNK′(p2)NK(p4)NK′(p3)
]
= (WKK′)
2
∫
{pi}
(2pi)2δ(p1 − p2 − p3 + p4)
iIGRK(p1) IGRK′(p2)
(
IGRK′(p3)RGRK(p4) +RGRK′(p3) IGRK(p4)
)
2[2(K′ΓK′ +mK′Γ
(m)
K′ )][2(KΓK +mKΓ
(m)
K )]
×(−16i)v2Kv2K′p1 ∧ p2[p2 − p3] ∧ [p1 − p4] (mKK′ +mK′K)
= (WKK′)
2 −2pi(KmK′ +mKK′)
(4vKvK′)
3
[KΓK +mKΓ
(m)
K ][K′ΓK′ +mK′Γ
(m)
K′ ]
×v
′
K
vK
(
2K −m2K
) [
sgn(K′)I
(1)
A
(
pF,K
pF,K′
)
+ sgn(K)I
(1)
C
(
pF,K
pF,K′
)]
+K ↔ K ′
= 0. (S25)
CONTRIBUTIONS TO σIxy FROM THE M POINT
Since the calculation of σxy in the Kubo formalism always involves one Green’s function which is off-shell, on
needs in principle the knowledge of the single particle spectrum in the entire Brilloin zone and thus a more general
Hamiltonian than Eq. (1) of the main text.
Indeed, for an off-shell state around the K˜ ′ point entering XKK or ΨKK diagrams we need to know the spectrum
for all quasimomenta k ≤ 2pF,K + pF,K′ around the K ′ point. The same bound appears in the analysis of interband
X and Ψ diagrams.
One can also analyze diagrams where the off-shell contribution stems from states with the radius pF,Γ +2pF around
the M point of the Brillouin zone. At the M-point the spectrum is gapped, as we will argue next, this is the reason
why such diagrams can be neglected.
For concreteness we will assume a Green’s function of M -point states of the form [∆ + p2/2mM ]
−1 with ∆ > 0 the
distance in energy space to the closest states. The integrand of Bessel functions for diagrams involving states near
the M -point is smaller as compared to the case of only Γ, X and Y pockets by a factor
2mMv
2
F,K
{K ,mK , vF,KpF,K}
∣∣∣∣∣∣
Kν
(√
2mM∆
pF,K
s
)
Yν(s)
∣∣∣∣∣∣ . (S26)
To determine an s-independent parameter, we use that X and Ψ diagrams are dominated by s ∼ 1. To summarize,
contributions from the M -point are small as long as one of the following conditions holds:
v2F,KmM  {|mK |,
√
2K −m2K} (algebraic suppression), (S27a)
or
√
2mM∆
pF,K
 1 (exponential suppression). (S27b)
8In conclusion, we require either a sufficiently large gap at the M-point or considerable flatness of the spectrum.
In conclusion, this supplementary material was devoted to the derivation of the anomalous Hall response presented
in Eqs. (7) of the main text and (S1) of this supplementary material. There, the contribution of diagrams with crossed
impurities, Eqs. (S22)-(S25) of this section, was rewritten with the use of Eqs. (S2).
FERMION NUMBER FRACTIONALIZATION AND σIIxy
We here present the connection between σIIxy and fermion number fractionalization. We concentrate on the case when
the Fermi energy is inside the magnetization induced gap. As we explained in the main text, disorder is unimportant
and it is thus sufficient to restrict ourselves to a single Dirac cone. We consider a domain wall between inverted and
trival band structure, and here disregard details on the origin of the band inversion.
We first omit the presence of a finite surface magnetization (it will be restored later) and describe the 3D TI by
HM(z) =
∑
µ=x,y
[p − eA(x, y)]µσµσzτy + vpzσzτx +M(z)τz. (S28)
Both σµ (spin index) and τµ (parity index) are Pauli matrices, e is the electron charge and we set the speed of
light c = 1 here and in the following. The Hamiltonian anticommutes with σzτy and thus the spectrum is invariant
with respect to reflection about zero energy E = 0. The mass M(z)
|z|→∞−→ sign(z)M∞ mimics the band inversion
(M∞ > 0). In the 1D case, i.e. omitting x, y coordinates, there must be at least one zero mode per spin orientation
localized near the kink (Callias-Bott-Seeley theorem). In the 3D case with a magnetic field B > 0 perpendicular to
the interface, the Hamiltonian is block diagonal in the space of 2D Dirac Landau levels. In this case, the number of
zero modes must be at least g = BA|e|/(2pi) (the degeneracy of the zeroth Landau level, A is the area penetrated
by the flux). Normalizability of the wave function implies that the zero mode 4-spinors contain only 2 independent
entries un,0(x, y, z) = (ψn(x, y), iσzψn(x, y))
T (n = 1, . . . , g).
We follow the standard arguments to further show the fermion number fractionalization and compare the topological
case of a kink (M(z) as indicated above) and the trivial case without any kink (M(z) = const.). The completeness of
eigenstates, {Ψtop.E , un,0} and {Ψtriv.E }, respectively, implies
0 =
(∑∫ 0−
−∞
dE|Ψtop.E (x )|2 +
∑
n
|un,0(x )|2 +
∑∫ +∞
0+
dE|Ψtop.E (x )|2
)
−
∑∫ +∞
−∞
dE|Ψtriv.E (x )|2
{H,σzτy}=0
= 2
[∑∫ 0−
−∞
dE
(|Ψtop.E (x )|2 − |Ψtriv.E (x )|2)+∑
n
|un,0(x )|2
2
]
. (S29)
Then one can calculate the relative fermion number comparing topological and non-topological situation:
N ≡
∫
ddx
∑∫ 0−
−∞
dE
(|Ψtop.E (x )|2 − |Ψtriv.E (x )|2) = −12 ∑
n
∫
ddx|un,0(x )|2 = BAe
4pi
. (S30)
Thus, using Eq. (2) of the main text, we find for massless surface Dirac fermions in a magnetic field with chemical
potential just below (above) zero σIIxy = e
2/2h (σIIxy = −e2/2h).
Let’s now return to the situation, when a small, but finite magnetization is present (0 < mM∞)
H = HM(z) +mτy. (S31)
Of course, for m 6= 0 the chiral symmetry is broken, the Callias-Bott-Seeley theorom is inapplicable and the surface
Dirac electrons are gapped. Indeed, in the absence of magnetic fields, the low energy theory of Eq. (S31) is described
by the Hamiltonian HEM∞ = vp · σ +mσz (cf. Eq. (1) of the main text).
For the calculation of σIIxy, recall that m > 0 leads to a little down-shift of the zeroth Landau level. Therefore, as in
the case of infinitesimally positive chemical potential, we find σIIxy = −e2/2h. This result persists in the limit B → 0
and concludes the derivation of Eq. (6) of the main text.
